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Concentration: for any € > 0, max {P(X > ¢}, P(X < —¢}} < exp(_ﬁ:-);

Moment condition: for any g € N", E[X?] < 2¢!(242)9;

Orlicz condition: ]E[exp(gi}] <4

Laplace transferm: for any 5 € R, In(E[e™]} <

SR A

0o 2q
g -

Laplace transform: for any 5 € R, In(E[e"*]} <

~
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S ukions

Solution: 1) — 2} is Hoeffding inequality for a singie random variable.

For 2) — 3},

-
E[X%] = f P{X% > u}du
a

o 1
f P{| X] > u)du
a

+oa _ul,n"q
< -
< Eﬁ exp( 5.3 I 7

+o0 ul,n"q
= (202}‘?29'/ exp{—v)v? 1dy V= ——
0 20’2
= (20%)"2¢T(q)
= 2(26%)%

For 3) — 4}, the monotone convergence theorem gives

an

XER:

=1
E ==
[Exp k_D (202)FK! zk Zﬂ 2%

For 4} — 5}, using the fact that X is centered, we have for any n ¢ R

20 e
Elexp(nX)] = B[ 20
k=0 )

- (7X)
:1+E[§ Y

2
< 14+ L E[X* exp{|X )

2 X2 ] 2 X2 1
< 1+ = exp(20%)E[X X*exp(z—)] nf (- + 5 =nXla=
2 a 2&_ 4:0'
ST O -
a
Mgen?
E{I—I—SJE?}'}EKP{QGE 2}{5‘2{1)( G;?? ) I—I—ZEEZ.
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In this exercise, we are trying to prove the conditional Hoeffding’s lemma with a similar proof
technique we used for the Hoeffding lemma (without conditioning). Consider a random variable X

such that X € [a,b] almost surely and a o-algebra G. Define the function 4 : s —+ In{E[e**] | G).

1) Justify that 4 is twice continuously differentiable on R and that for any s € RE:

sX
V() = g
J(e) = ECY | B 1 6] - (BLXX | 6))"
(Eles* | G])
2) Show that we can define the probability distribution (¥, as
dd. X
&P Eles¥ | G

where X ~ [P

3) Show that for any random variable Z, we have

ESX

BolZ x| 9] = EalZ | O]

[es% | G
4) Deduce that
2
In(E[e ¥ -EX) < Z(b— )™




