
Sequential Learning
General setting
at each round t= 1...:

1) agent chooses an action Et depending on
available information (histy of observations , experts recommendation

context

2) agent receive come reward MrCar) EIR andles In (any

observes some feedback (e.

g
arlar)

, on
extra information ...

tool : Imaximise cumulated reward , o knowledge of theenviammene-

· cumulated loss

-> applications in online recommendation , advitisementplacement
medical trials , dynamic pricing , etc.



Lecture #1 : learning with experts

Expert setting 1
At each round E1.... nuen f esperts

J
· experts output foreot firj6/1... N)

N

· aget aggugates experts fancast: r= Pr fir
where pr

= (per -- por) EA = standard sciples

· agent observes te value yo and suffers loss Hir ,yo

No stochastic model : the
sequence yo

is chosen orbitanty.
Goal : minimise cumulative loss ryn-

equivalently minimise the regut
R= ry)

pfixed for everyt
E squareloss : Cyryr) = Cyr-y) we will assume In

absolute Coss : ((yr . ya) = Dyr-yr convex in yo.



lyryf-
- We willget this ino
cumulatee leading term (ofonde mard an Term)

Expert setting 2
At each round =1

.....
Ti

· agent picks prot IN-simplexe
· te loss function Ir:AR i revealed
and agent suffers loss In (pr

Reget Ro= (p) -rif
cover setting 1 :

er (9) = 1 offr , yo
· fir are not observed beforehand tae Charte

In the following :
consider setting 2 with linear loss :

In(g)= gir with ( = In(t) e 50
.
1



Fideai chose the bestexpert at time
t

consider "Follow the Leader" (FTY strategy
pe = (5...

gu592 Pir
= O if > min &

e

Laim there exists
sequences (12.

.
. .
-

.
Ina) such that

To
, *PIFTY) 5

ExamplethN=2 : t= 1 t = z t
= 3 t = 4 t= 5

11t O I O 1 O

128 1/2 G 1 O 1

agent geto loss F ++ 1 = T= 3/4

minit N R = * = 4 El

This is not specific toTh , but to deterministic algorithms.

Definition An algo is said deterministric if (is such that almost surly

Ve
. j . Epire r = 1

Proportion for any
deterministic algo-

there exists sequences flor ..... Nw)
such that

EF 50
,

T
,
R
+ loge E

Roof : Construct Ijr by induction as :

ju = (2if get wee



Exponentially weighted aveage predictor (ENA)
lemathed varion of +

Algorithm : learning rate yso
Pe
= (..

For r& 2 :

e-y
si

↑ Pir=

thearm : for any sequence of Linear loss functions
Clar

. .... Inr/n E NIN EWAL ratifies :

↳N + y (6)
&

of: Hoffling's Lemma: for random veniables XESO
L

Grovenise Ayan ,
en Ede7E+



so for any :

en(ppet -- pige + 1

·[pjoljr -1h(e)+
J Y-

& by dif of pir
= In

samming over t gives a Klescopes sur for the In :

T

N
7 7

Moreoven , T

/ / & In /maxe je
j

& -

- minie



So findly :

Irmi
corollay of the bound ( :

thigy= Re

Questions :
-

1) Can we be mor ambitions and hope to get
im
claim : Nostrategysatisfies for all sequences
Clar

..... Ina/n - (20 .1/w :

Pjrjr-minh
-> verir of home



2(The coollary tunes =i
What if we don't know T & doubling Fich

3) What if the losses are not in 50 .11 But ?

-> we an just resicale the observed lasses as

Tr = ↓ or equivalently , run -WAwith
But what ifi and Mare unknown !

In that asewe can chooseadoptive yo as :
N

yo:I when 5 =PrenH

Es

=> see exercims sheef



Casymptotic
Optimality of the Fenbound en t

terrem:iflit
The order of the quantifi Cand inparticular if and sup her
is important !

Loof;. We have already shown with t A that

thi lit in 21.

Now , we lower bound sup by come whh
random ju

Let je Bu()

obviously . EFEPrjr] = E for any prodt
Candrofor my algut



But we can show :

-

Emilar=>

so that

inte priar &
bre-
a

Proof of (t)
Penete Zar=

ChT gidd : =le ZuN

fr fr ) =
ex Ma

,
me mant an asympoti



of EfN(z)
Note thatEFIN** t=N . no that

#In(t) in bounded in 1 norm indepently fromt
2

2) z8 - z

these toconditions imply that (esminind
·h
inf

Thus him =En ce d
Reminder : we want to show

infli
ini mat



For that define Mu =↓en 72/
N

Since Osman) The
"1zaso
=

- 1/E

we
have hef hif

By Fatou's Cemma
enf linfM

For et 10
. 1) / we have !

P(M) = p(then , zune
= (fi FofofN(01)
- N(1-F(uf)

X e Auteu



As 20 Flu) (purgatoire
-14h N N

we have-ren
·

N(1-Flin
in summableThus : & e

EPCMEE too
.

N

Borel- Contelli implies that hinifMr
arA ,

this holds for my 550 ,
so that

linf Mn1 ase

and thus

enf hifM
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Recall we used in the proof of the lower bound that

#In(t) in bounded in 1 norm independamblyformT
2

2) zg - z

=>Inf

Baguel (Stackhad thereu
Soit (a) une site de via. dans un exace polonais · Supposons In * X

.

Alas il existe un

espace
de probabilités et des v ... /

.
Y sur

cet
espace tellesque

· Un
. -
et art mine loi

· An
.

Xet Y ont même loi
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