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1) Give an example where both

(&) Zr 5 Z,

(b) f is continuous,
but Jim E[f(Zr) # E[f(Z)]
Definition. We say that (Y7)r is uniform asymptotic integrable {uai} if

Jim Im B[V Ty y-c] =0.
2) Show that if f is continuous, Zy 4 7 and (f{Zs )} is ual, then
(a) f(Zr) € L! for T larme enough;

(b) (Z) e LY

Hint: for b), use Skorokhod’s theorem.
3) Show that if (Y7)r is bounded in L? for p > 1, i.e. supE[||¥7||P] = B < +oo, then (¥r)r is
Tl

ual.
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Solution: 1) Zy = (1 — %}r_ﬂ] + %ET.

2} a) definition of the limit and using that E[[| f(Z7)|] < L + E[l|lf(Ze W Lprizry=L]-
b} Skorokhod’s theorem with Fatou lemma

c) [E[f{Zr)] —E[f(Z)]] < [E[er(f(Zr)}] — E[f(Z)]| + [EloL(f(Z7))] — B[f(Z7)]| for @y the
clipping operator in [—L, L].

Going to limsup:
lim sup [E]£(Z7)) — ELf(Z)]] < [Eler(£7(2))] - E[f(Z)]] + lim sup Eler (f(Z7))] — E[f(Z7))]

The first term is 0 by dominated convergence. The second is to be handled with the uai
property, by taking hmsup;.

3) 2 >» z for x large enough. In particular, VM > 0,3Lp;,¥x > Lps, 2P > Mz. Then for
such Ly,

1
Eil|¥r | T gy stae] = EE[”YTHPI H¥rf>Ear]
<Z
— M

Taking M — co, a monotonicity argument concludes.




