
Lecture #5 : some properties of the 2

Last lecture
,

we proposed algorithms with pende regrets bounded as

P caso e Cinstance dependent regret

Is it possible to do better ?

This lectur focuses on lowe bounding the achievable regut by any algorithm

for that we consider a model where the rewards distributions belong
to come known distribution set D

.
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One can show matching uppen and
lower bounds (with associated strategies a

Fo is at best of onder Inter Name/ ent
where
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Fallback- Leiblen divergence



we will only prove the lower bound part
land the

upper
bound in exersive session/homework

for to specific cass)

· Cas 1 : 8 = (N(prof) MER)-

then

Fing(rap =
But possible regret of order

2 assa

VeB has agut SEx Beso
↳ optimal up to constant factor

can be made optimal with fines version

· (2 : 8 = (Bu(p)(p +5)
the

Fing/apD= pa In + -Ma! In En



↑But before proving the lower bound - guess

that come reminder of basic and mon-basic

results about Il divergences would be needed

Defmif-fiom let P be two probability measures over (, o

-r(y / 4) = (+
3 if s nat absolutely

continuous wit a

↳I ell dont ifa
⑪(1) = 0 =-P(A) =0

Basic Facts

· existence of the defining integral when **. Brause
4 : x--sence is bounded from below on fort

· FR(4 /⑪, 0 and ARCPG = 0 if and only if 4= 0

indeed
.
Tis strictly conver . Jensen's inequality indicates that



+ya) =/4/de4)(94) =

41 =0 with

equality if and only if is -almost smely constant - in = Q

A useful newriting :

Attene ** and let ~ be
any probability measure over

Ce . with Ar
,

V
.

Denote y= g=

them FR(P/1 = (en(g)fdw :

see proof in exercise session 3 .

useful when and D both admit denectives over a classical reference
measure (eg lebergue)

Lemnia (data procesing irequality-

Let P
.
C be two probability measures over (2)

Let Xifelif-I be any
random variable

.

Remote by
*
and I the laws of Yunder and I -

then *r(14) - kr(1 , a)



Proof we can assume* since otherwin 24)= He and

it holds
.

We shaw that we then hale =" with =E/X
-in= I

Indeed for all Ber
foree

PY) = PXeB) = /*de /* tai da

=40)da ( daI
by defr of $

*

the four Fra = /Penddat= /- et de e

=(Iy)d
1 economdeet

-(aeI
da

Vene

=> e da =
(p
, a)
.



Preferences ·
the proof above is due to Ali and Silvey (661

But it's far from being well-known .

· typical profs in themor recent litrature :

- either focus on the discate case (Cove andThomas -
2006

- or use the duality/variational formul for the# (Massant2007:
Bauchnan Augosi , Massant 2013)

·
thejoint convexity off/ given below ,

in typically proved
in a fedious way , relying on the jant convexity of Cury/e-(ylayy .

A

We
may

see t instead as a

consequence of the dataprocessing inequality .

corollary Gaintconvexity of th
For all probability distributions 14 and D De ave the same meassable sac
Le and all 16 (0-1 :

*l((-! +↓z . datz) - ( ) Fra,De

+lie,

Enf : We augmentI into finf where

r =
= + (1)

F = = 0((2) - (2)/(1-2))



we define the andem pain (X.5) by the projections 4 exd2-
Carj - w

and J:
ex(12) - 927)

(wrj) j
Let P be aprobability measure anE auch that :

I
Tu 1+ Be (5)

(and a
simelar elef for D With Dis .Dif

x15 =juj

that is (2) .AEF/ (Ax(j) = ((- 1 + + 4 jA)

Now =
(1-1) 1 +

④ = (1 -1))d + !1 Da

and asumpote (IP-0 = 11 - 1) (Pr 01 + ↓ F(Par Die no that the
Belon

result follow from the data
processing inequality :

Indeed wee may assume with no loss of generality for 18102) that

I ⑪
.

Ind so that N With

(wij) = H/ cat Lapy a (a)

This entails that :

repal- (agen (p) dacuit



-1 (lu/en (a)) Aelwi dater

-(((we(a)) free,

wig datur

= ((at(wen(r)(1) de(w)
-

= ( - ) Il (IP- 42) +X (e
,DY.

ition(V fa product mesures , independent as

Lat (ef) and Griff be to measmable
spaces .

Let P
. D be two pobability measures over (m. F

P cr

and denote by POP and w the product distributions aver

(x Fort .
Then

+Per!4 = ((yp,) +fra



Rouf we have Pe De - LI** andDe to we cam

assume
that all statements hold. .

Then

-
cities is afundamental result in mesure theory andof the best characterizations of
independance)

Therefore by Tonetli

I Polar-/! da I = t( en
+E

iffg5
them

I 6 = ( en êt
heu

·tomilar ferm with en18gmigepygim=
en / fand
-

↑ F1((p ,
0

FR (IP. herwe apply
Tanali again

.

Commence (Gavivier
. Menard, Stalty 2018)

cata-processing inequality with expectations of anton variables
.

Let X : (r .
F- 04 / BE0.2) bear o

-1-valued randes variable

then
, denoting by p andEo themespective expectations if ander and

⑭ ~ we have :



*pe + (1-/ Im = (Bu/)-a) a

-

we dexot by i the
Lebegne measure aver o

-1 and augment theSRoof :
undlying measurable space into 122x eB/T) ave which we consider the

product distributions Op and 4 * M
.

For any
even &ExB -21 me have by

the data
processing irequality :

From* (dep4 (de , depArc ,
+ (pp

-
= 42CIPq

Besap/(E)( Brop(E))

the
prof is concluded by picking Ie Folo) auch that ap (e) = Epi

and () = a

↳ it passible?-

Tes
. Vatig 8 = ((ww) +

- +10 : nX(w)) fe /5-2)
as
⑪ is measonable

By Tomelli is theosmi

rople=/ ranexcur g dpelal/ da=f Har diParf
andrame far Dr

⑳

the chain rile - A generalization of the decomposition of theA
between product distributions



we will need it in aspecial case only , when the distributions follen frome joint

one of the maginal distributions via a stochastic Germel .

Definition let () and CF be Favo measmable
spaces :ei

he demote by Or E the oct of probability measures over (F

ARegular stochastic Germel I is amapping Crf)- (r)
w = X(w

, f
such at ref ww is Emeasmable

Now consider two such kernels and t
,
and to probability measures

P and ① a CF) :
Then #and 20 defined below ave probability

masmes over (x Forf
, by same extension themem

Cantheodary
Kaef

.

BEY
, AA= (widu

is indedmlassable

An extension of
&A B =

/faca) L(wida(w)
Ferbiniftonlh charen

Lemma

Let 4 : +- beither Formeasmable and 50

on - integrable -



them We HwwAlwide is F.
mensmable and I =(entre de la

including measmability of we/4(we Aluid by regularity of F
FProof: The results Fe *Jo= HAxB by definition of F4 .

u

schutch

Extension to 1e for any I eff by an agamentof -algebra contained/monatore
class theorm using monotone convergence (including the wish" mamability

Extension to 450 by nomstore convergenceI 4 t L1
*

actually with no less ofgenerality .

-em(chain befaut) :
Assur IPE D

As loon as ( B(wr) L(wie for Dahost all wer
with the existence of afancion g :(www

being Fig
:mesurable , Expo a -null set .

then
ALCN

,
- Fl(P /0 + /(kww) dilu

where w ARCAlaro , 2(wal is indeed F. measmable and 50 so

that the integral in the night-hand side is well defined .

Remark:

2) The assumptions (*) and (*) will be satisfied for the



applications we have inmind

↳ They can be relayed : -itsuffices to assume that is a

topological space with a countable baseand
is the Borel F algebran

i - e them exists same countable collection (am/mbr of open
sets of sach that each open sct of can be written

V U 8 : that is as a coutable union of elements ofi : 0: N

(Om/mz1 :

E : ra separable metic space = we will vorside

rao. (Refor

Roof by bi-masmability of glig ,
and since gling is lownbounded

animmediate
estention of the pevious lemma can be applied to get wi-gaufengla Lad

=FL(tar-k(arf

is F. measurable and 50

⑤ We assume IPI * let =P .

What can we

say
about (ww)-f(u/glaw ?

(2x(waff(a) glwaf de (en r() (rglwafka - dar() An(r)f(a)dD(



=Irlande)= Ha

-( LadGw= ARCA-B by duf fr

By Radon Nikodym's
theorem: P = fg LO - as

Linall cases
,

even without(i and
· It is easily seen

that k I (88

unded 2(A+m(A)
-

FIP(A=- = (P(A)

· Therefore under ()
.Har un haute *** / .

then FL(FP/ 201 =

/Afwg(win en (f(wg(wawf) did(wr e

Y = fg()fg) is lownbounded .

The lamma (extension of Fubini- Tomelli extends to it :

/(fgeng) &24 =/()))weglaraftenf(a)) Cader) d(w

Sagain we can on the Famlation by Eto justify troguality

=(englafeluidat
+

encalgafCarda glad
Du

#L(F(ar(1(wi



=((2) Alar- Laf)+(n(f(w)f(a)d4(w)
again m of two fandios
boundedfa

belam

-(Fl(Furf-eladDeut(fl/enf(a) de r
e

⑰
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