
Lecture#2 : concentration inequalities
Hoffing Emma: For Xarandom

variable s.t
.

Ve Tail as
.

ten ici !

Im fies - /1 = en e
*

- *

Proofs
define fanary stR 410) = hu det

vote that =Jedila can be differenticted
o

mas · mextalbl
ander threitegrali 18= atra .

set est By
max DelbX

for any compactI

so : Ma =
A

* e

suilarly : pi-Fetel est
* et

- Nant



undr theprobability ⑩ defined as :

-Xa

a)
/

↳ +(e)
= pers attp a

-Lib

4 is e so that Taylor expansion yields fa any se il

androme - - 0.1 :

My) = 40 tey(0) + pl(e)-
2.

2

-0 + 1 + #

Hoeffding temma (conditional version
Iniw .

Suchtht Ed
.
as . Then fa all Fatebra I

2

and -IR
!

(n (e1 -

41g(((g) (b-a)



we could work
with a

similar (but adepted proof - sen exencite session #1

Let's para it in the les elegant , But original way.
where

A = a
- FXX(y)Roof Lat + = X - 55x19/ fa .

B 3
=

1 - EXg
an bothmasabl

and -A=- a de

Y= * A +

since
y

et is conver :

e
o * * * e

taking 19) using #G = 0 and Ar Gmensmable
* etg est

- A e
-

Nor by afunction study log the proof of unconditional Huffing Gig:

Far IR . tpt1 .R :

In (pe+ 11-ple s(put-pr)t8(ro
claiImpent

et . e eple -/+ -a)B8, 0

A = 8



=exp((b-af

filly ,

etg) = exp((balt i

Hoffding-Azuma inequality
Let (Erasu be a filtration and let(aloss be

a

sequence of

adapted random variables (i . e # 151
. Is is imeasmable

-
that are bounded

Atap by as
,

where
ar .

be R
..

them :

-Eso
. 4 - a 2) explaint

Note Hoeffding's inequality is the special case when all / an independant
and

Fr- 1 = w(X--- /ro) that = EXr

Lof
Senate the montingale St = Es /- Autre

Mackor inequality yields for any ys0 :

P(s -2) = ↑Cels e et et



b -apWe whow by induction that et exple la

· For T
=
1

↓
andifinl treffing's lemme gives :

* ef explot Elbr-au
no sameyou for

↓et
.

· Assure it holds for T5, 1 .

↑Yeysty= e

=
eys
- /

= et de)
- fa

* et est (bas-at
conditional Hoeffling Cemma .

~
et Felbrat o -ain

e

induction hypothese

So pevious Marker inequality becomes

IPCS > 5) I ey+ (b- ar



This holds for any 20 . Taking p= ar un misemathat

PLS= 3) entr .

Huffing (Azumal iequality isay usful in stochastic bandits
~

moblems (next lectuer

Bet all the above inequalities holdfor bounded rador variables
.

Canne have similar visions with unbounded variables !

Definition /sub-Gaussan mibles

A ev
. /EIR is ~sub-Caussiam if stiR

.

el* -*/expl*)
i . e if t satifies Hoffding's lemmal

samples:
· If et bas

.

them iti
"

aub-Gaussian

· if wolport -
it is r aubraucian

.

CIndeed atterne p=
0

- 5 =1

we have



* et ton da

s
I s

i le (we
e

I

-- I e E

The generale cas pr
is the same by saling argument .

Hoeffding's isquality holds for r sub-Gaussian random variables :

Hoeffding inequality (ab-Lausian venion

Let (rrs be independantandom variables
.
where ach Do in

is and-Causian . Thenifer any 270 :

P(rr-* 5) e r

· same prof as in the bounded case .

· Hoffding- Azuma cam be extended to the sub-Lanssian

case
,
when carefully handling the assumptions .

↑

↓

see exercen ression #1for a sub · Caussian Hoeffding - Azuma

inequality



Benatein Irequality
Let (Erasu be a filtration and let(aloss be

a

sequence of

adapted random variables (i . e # 151
. Is is imeasmable

-
that are bounded

kt,0 =1 &. S
.

and Vou(Valfr To where arbritr EIR . Them

-550
. 4(Xr- ar-29)

expEt-

2 I
f=

Companion with Hoeffding -Azuma : explo (witt au=0 / br =1

With only 0 =2
,

we can only guarantes Van(Alfon

in which case Horffding -Azama's bette (no additional Etum belaw)

But if * Brenstein can be much better

-> this s for example ureful when ~Bulpr with a small (an lage)pr

· often uned With E ealing in while Hoeffelin is used with Erceling
in o

Gorf : similar to Hoffling - Azuma proof bationing
Benstein Lemma ! Let be a random variable in Fort .

Then for any 90 :

se eric

union #1 ((5de7Y) =y454 + (et -

y
- 1) Nar(t)



senate the matingale St = Es - /Fra

Cet
150.

P(s - 45) e7fey
We can

again
show by * et elet-gr
inductrice

So thaut

P(S= >8 =
ell-grys.

fang,so -& N

Mimamizing
the quantify &Vy :

f(y

fly) =0 .
Net = VE .

·=en(
y

and flyy= +3- (N+3 en(1) - V
.

2 : PCS= 5, e = exph/ri) et
Bennet e



where h(u)=11th en (Ital - m - I

veingles en fonso finally yields .

5
see

belot 2

↑25 = 58 expl +
Lemma a h(m)= (1ta) enCIt ou

u
Aus, o ,

h(a3-
It

Asof :
thes is simply by companion of the deiratives

.

Refine f(al=h(m-a

zu (2t4 - a

f(n) = en(str) 2

r

-en(tu) - se



-E-(4) ten
f"(w = Im (2tu)
-

-

4 -
-

[2+a)
2 - r n

=
11-re
Itn 2+E

--RAW (4-a-aY- atâtâtu

La tr (2+ ju Cate) 2 e

%, 0 for a 50

f(0) = 0
f(0) =0 Iconvex on IRA

↓

~150 on IR

830 om IR
+

⑧ .


